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Abstract. Nowadays, Side Channel Analysis is one of the most powerful cryptanalytic technique against cryptosystems embedded in portable
devices such as smart cards. Faced with this threat, it is of crucial importance to precisely determine what is achievable by a given side channel
adversary against a cryptosystem producing a given side channel leakage. This can be answered by evaluating the success rate of an attack
according to the adversary capacities and to the leakage properties.
In this paper, we investigate the issue of evaluating the success rate of
side channel analysis in the widely admitted Gaussian leakage model.
We introduce a new approach that allows us to efficiently compute the
success rate of an attack in this model and we apply it to the two main
families of side channel analysis: differential side channel analysis and
profiling side channel analysis.
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Introduction

Side Channel Analysis (SCA) is a cryptanalytic technique that consists in analyzing the physical leakage produced during the execution of a cryptographic
algorithm embedded on a physical device (e.g. execution time [13], power consumption [12], electromagnetic emanations [8]). Some kinds of SCA exploit this
side channel leakage to recover information on the operation flow that may depend on the secret key (e.g. Simple SCA [12], Timing Attacks [13]). These can
be circumvent by ensuring that the operation flow is independent of the secret
key. Other kinds of SCA exploit the fact that the side channel leakage is statistically dependent on the intermediate variables of the computation. Some of
these variables are themselves related to small parts of the secret key which
enables key recovery attacks. These second kinds of SCA are particularly powerful and securing cryptographic implementation against them constitutes a real
challenge.
SCA targeting intermediate variables divides into two main categories: differential SCA and profiling SCA. Differential SCA relies on correlation techniques
[12, 4]. Based on several leakage observations, the attacker estimates a correlation
between the leakage and different predictions on the value of a key-dependent
intermediate variable. According to the obtained correlation values, the attacker
is able to (in)validate some hypotheses on the secret key. Profiling SCA [6, 19] is
based on the maximum likelihood approach. It assumes that the attacker owns a

profile of the leakage according to the values of some key-dependent intermediate
variables. This profile is involved to derive the likelihood of some key hypotheses
given the observed leakage.
Faced with the threat of side channel analysis, a crucial issue is to quantify
the efficiency of the different attacks according to the adversary capacities and
the leakage statistical properties. For this purpose, a natural metric is the success
rate, namely the probability that an attack succeeds in recovering the correct
key (or in isolating it in a restricted set). A straightforward way to evaluate the
success rate is to estimate it empirically by performing the attack several times.
However such an approach is costly in time and may even become impossible for
attacks with medium or high complexity. It is therefore not suitable to efficiently
and precisely determine the resistance of an embedded device if this one is not
quite weak. To tackle this issue, it is of particular interest to investigate efficient
ways to compute (or at least to precisely estimate) the success rate of an attack
without requiring to perform it many times.
Previous investigations have been done regarding this issue [7, 16, 22]. These
works investigate differential SCA in a noisy context. They provide an approximation of the required number of leakage measurements for a successful attack
[7, 16] and an approximation of the success rate [22]. For the sake of generality,
these works do not take into account the relationship between the different key
candidates (which depends on the target algorithm logical properties and on the
leakage statistical properties) and only focus on the good key guess. However,
the success rate depends on the joint behavior of the different candidates and
this relationship cannot be neglected while looking for a precise estimation of the
success rate. Concerning profiling SCA, to the best of our knowledge no solution
for the success rate evaluation has been proposed in the literature so far. This
is a lack since these attacks are considered as the strongest form of side channel
analysis.
In this paper, we address the issue of evaluating the success rate of a side
channel key recovery attack. We analyze both differential SCA and profiling
SCA under the widely admitted assumption that the noise in the leakage has a
Gaussian distribution. We show that the result of these attacks can be expressed
as a multivariate Gaussian random variable which leads to an efficient way for
determining their success rates.
The rest of the paper is organized as follows. Section 2 introduces some
preliminaries. Section 3 presents the side channel theoretical model considered
in this paper. In Sections 4 and 5, we respectively analyze differential SCA
and profiling SCA. Based on these analyses, Section 6 shows how to efficiently
evaluate the success rate of the focused attacks. Finally an empirical validation
is provided in Section 7 and concluding remarks are given in Section 8.
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Preliminaries

The calligraphic letters, like X , are used to denote finite sets (e.g. Fn2 ). The
corresponding large letter X denotes a random variable over X , while the low-

ercase letter x denotes a particular realization of X. The probability of an event
ev is denoted by P [ev]. In case X has a continuous distribution, the notation
x 7→ P [X = x] is further used to denote the probability density function (pdf)
of X. The expectation and the variance of a random variable X are respectively
denoted by E [X] and Var [X]. The covariance between two random variables
X and Y is denoted by Cov [X, Y ]. The Gaussian distribution of dimension T
with T -size expectation vector m and T × T covariance matrix Σ is denoted by
N (m, Σ), and the corresponding pdf is denoted by φΣ,m . We recall that this
pdf is defined for every x ∈ RT as:


1
1
exp − (x − m)0 Σ −1 (x − m) ,
φΣ,m (x) = p
2
(2π)T |Σ|
where (x − m)0 denotes the transpose of the vector (x − m) and |Σ| denotes the
determinant of the matrix Σ. If the dimension T equals 1, then the Gaussian
distribution is said to be univariate and the single element of the covariance
matrix is the variance that is denoted by σ 2 . If T > 1, the Gaussian distribution
is said to be multivariate.

3

Side Channel Model

A formal modeling of side channel key recovery attacks has been initiated by
Standaert et al. in [21]. The theoretical model introduced hereafter follows the
outlines of their work.
3.1

Side Channel Key Recovery Attacks

Let ESK be a cryptographic algorithm E parameterized by a secret key SK. Let
K be a random variable representing a guessable part of SK. Let X be a random
variable representing a part of a public value such as an input (resp. output)
of ESK . Let S be a random variable representing the result of an intermediate
computation of ESK that satisfies S = ϕ(X, K) for a given function ϕ : X ×
K → S. We denote by L the random variable that represents the side channel
leakage generated by the computation (and/or the handling) of S on a physical
implementation of ESK . We shall further denote by L (s) the random variable
(L|S = s).
A side channel key recovery attack targeting the signal S aims at recovering
the value k ∗ taken by K on a given physical implementation of ESK . For such
a purpose, the attacker collects several, say N , leakage measurements (li )i resulting from the computation of ϕ(xi , k ∗ ) for N inputs (xi )i . Namely, the li ’s
are realizations of the random variables L (ϕ(K, xi )) that are assumed to be
mutually independent. Then, the attack makes use of a distinguisher, that is a
function D which, from the leakage measurements vector l = (l1 , · · · , lN ) and the
corresponding inputs vector x = (x1 , · · · , xN ), outputs a distinguishing vector
d = (dk )k∈K . If the distinguisher is sound and if the leakage brings enough information on S, then k ∗ = argmaxk∈K dk holds with a non-negligible probability.

Finally, a side channel adversary can be defined as the composition of a
distinguisher with a strategy to select the algorithm inputs i.e. the xi values.
These can be randomly drawn (in a known plaintext/ciphertext attack setting)
or they can be chosen by the adversary (in a chosen plaintext attack setting).
In this paper, we do not assume a specific strategy. Rather, we investigate the
success rate of an attack according to the inputs vector x.
3.2

Gaussian Leakage Model

In practice, the leakage measurements are composed of several samples, say T ,
corresponding to several successive instants in time. The leakage L can hence
be modeled by a T -size random vector. In the Gaussian leakage model, the
leakage L (s) resulting from the computation of any signal s ∈ S has a Gaussian
distribution: L (s) ∼ N (ms , Σs ).
Remark 1. The Gaussian model assumption is both very usual in the side channel literature (see for instance [6, 15, 19, 21]) and fairly realistic in practice (see
for instance [15, §4]).
For clarity and without ambiguity, we shall respectively denote by mx,k∗ and
Σx,k∗ the mean vector mϕ(x,k∗ ) and the covariance matrix Σϕ(x,k∗ ) .
3.3

Success Rate

The success rate is a classical metric in side channel analysis. Usually, a key
recovery attack is considered successful if the distinguishing vector satisfies k ∗ =
argmaxk∈K dk . In [21], the authors propose to extend the notion of success rate
to different orders. The oth order success rate of a side channel attack using a
distinguisher D and a public vector x, and targeting a secret key k ∗ is defined
as:



∗
∗
D
Succ-ox,k∗ = P li ← L (ϕ(k , xi )) i ; d ← D(x, l) : k ∈ argmax-o dk ,
k∈K

where argmax-ok∈K dk denotes the set of the o elements k ∈ K that maximize
dk . The notion of order is motivated by the fact that an attacker may perform
an off-line exhaustive search after the side channel analysis. A oth order success
means that the attacker has at the most o key guesses to test after the attack in
order to recover the correct one.
Remark 2. In [21], the authors also suggest to use another metric: the so-called
guessing entropy [17, 5]. This one is defined as the expected rank of the good
key guess in the distinguishing vector, namely it indicates the average number
of key guesses to test after the side channel analysis. This notion is discussed in
Appendix A where we show that it can be expressed with respect to the success
rates at the different orders.

Our Approach. In order to determine the exact success rate of an attack,
we must investigate the multivariate probability distribution of the distinguishing vector. This distribution can be expressed with respect to the inputs vector
x, the secret key k ∗ and the leakage distribution parameters (ms , Σs )s∈S . In
the rest of the paper, we will investigate the two main families of side channel
analysis: differential SCA and profiling SCA. We will show that under the Gaussian assumption, the multivariate distribution of the distinguishing vector is (or
at least can be precisely approximated by) a multivariate Gaussian distribution.
This will enable us to show how the success rate of such attacks can be efficiently
computed.

4
4.1

Differential Side Channel Analysis
Description

Differential side channel analysis uses correlation techniques as distinguisher.
Several variants have been proposed in the literature [1, 4, 3, 12, 18]. In this paper, we focus on the Pearson correlation coefficient since it is the most widely
used and seems to be the most efficient technique in practice [4]. Note that our
analysis could be easily extended to other differential distinguishers that rely on
correlation computations [1, 3, 12, 18]. The adversary is assumed to own a model
of the side channel leakage that is a function M : X × K → R such that M(x, k)
is linearly related to the expectation of the leakage L (ϕ(x, k)). The attack consists in estimating, for every key guess k ∈ K, the linear correlation between
the prediction M(X, k) (i.e. the predicted value of the leakage for the guess k)
and the observable leakage L (ϕ(X, k ∗ )). This correlation is estimated based on
the prediction vector M(x1 , k), · · · , M(xN , k) and the leakage measurements
vector l by the following coefficient:
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j M(xj , k)
i li − N
j lj
N
N
If the model is sound, the prediction vector for the correct key guess is significantly correlated to the leakage measurements vector. As a result, for N large
enough, ρk is expected to be maximal for k = k ∗ .
Since the correlation distinguisher takes as input a set of 1-size leakage measurements, we investigate hereafter the distribution of this distinguisher in the
univariate Gaussian model.
4.2

Distinguisher Distribution

Let us first denote by τx the occurrence ratio of an element x ∈ X through the
inputs vector x, i.e. :
|{i; xi = x}|
.
(2)
τx =
N

We shall further denote by Mk and σ
bk the mean and the standard deviation of
the prediction vector M(xi , k) i , namely:
Mk =

X

τx M(x, k)

and

x∈X

σ
bk2 =

X

τx M(x, k) − Mk

2

.

x∈X

Instead of focusing on ρk , we focus in the sequel on the following coefficient:
ρ̇k =

N

1 X
M(xi , k) − Mk li .
σ
bk N i=1

(3)

The distribution of (ρ̇k )k∈K is indeed more convenient to analyze than the one
of (ρk )k∈K . Moreover, one can verify that the ratio ρ̇k /ρk equals the standard
deviation of the leakage measurement vector l. Consequently, ρ̇k /ρk is positive
and constant with respect to the key guess k. As a result, argmax-ok∈K ρk =
argmax-ok∈K ρ̇k holds for every k and hence, the success rate of the attack is
fully determined by the distribution of the vector (ρ̇k )k∈K . The next proposition
provides us with the exact distribution of this vector.
Proposition 1. The vector (ρ̇k )k∈K has a multivariate Gaussian distribution
whose expectation satisfies for every k ∈ K:
E [ρ̇k ] =


1 X
τx M(x, k) − Mk mx,k∗ ,
σ
bk

(4)

x∈X

and whose covariance satisfies for every (k1 , k2 ) ∈ K2 :
Cov [ρ̇k1 , ρ̇k2 ] =

1

X

Nσ
bk1 σ
bk2

x∈X

τx M(x, k1 ) − Mk1



 2
M(x, k2 ) − Mk2 σx,k
∗ . (5)

Proof. Since the li ’s are drawn from Gaussian distributions N (mxi ,k∗ , σxi ,k∗ )
and since the vector (ρ̇k )k∈K is a linear transformation of l, one deduces that
(ρ̇k )k∈K has a multivariate Gaussian distribution.
Now, for every x ∈ X , we have N τx elements among the xi ’s that are equal
to x. This, together with (3) immediately leads to (4). Then, the mutual independence of the li ’s and the bilinearity of the covariance imply (5).

Proposition 1 gives the exact distribution of the distinguishing vector (ρ̇k )k∈K .
This makes it possible to precisely compute the success rate of a differential SCA
that involves the Pearson correlation coefficient (see Section 6).
If the model is sound, namely if M(x, k) is linearly related to mx,k , then (4)
implies that the expectation of ρ̇k is maximal for the good key guess k = k ∗
which shows the soundness of the attack.
From (4) we see that the distinguishing vector expectation does not depend
on the leakage variance nor on the number of leakage measurements. Conversely,
(5) shows that the covariance matrix depends on these parameters. If the leakage
variance is multiplied by a factor λ then so does the covariance matrix. And if

the number of measurements is multiplied by a factor λ then the covariance
matrix is multiplied by 1/λ. As a result, if the leakage variance is increased by
a given factor, the number of leakage measurements must also be increased by
the same factor to keep unchanged the distinguisher distribution and hence the
attack success rate.
Another interesting observation is that the distribution of (ρ̇k )k∈K does not
fully depend on the inputs vector x but only on the different ratios τx ’s. A
usual choice, for a chosen plaintext differential SCA, is to set these ratios at
τx = 1/|X |. For a known plaintext/ciphertext differential SCA, assuming that
the xi ’s are uniformly drawn, we further have τx ≈ 1/|X | for N large enough.
We investigate this setting hereafter.
Uniform Setting. We investigate here the setting where the xi ’s are chosen
such that τx = 1/|X | holds for every x. We further assume that the target signal
S can be expressed as S = ψ(X ⊕ K) where ψ is a balanced function (i.e. the
cardinal of ψ −1 (s) is constant for every s ∈ S).
In the uniform setting, the previous study can be simplified. In this setting,
the mean and the standard deviation of the prediction vector
P are constant with
1
bk =
respect to k ∗ . Indeed, for every k ∈ K, we have Mk = |S|
s∈S M(s) and σ
q P

2
1
s∈S M(s) − M . Hence, we can focus on the following coefficient:
|S|
ρ̈k =

N
1 X
M(xi , k)li .
N i=1

(6)

Once again ρ̈k /ρk is positive and constant with respect to k which implies that
focusing on ρk instead of ρ̈k does not affect the success rate of the attack. The
following corollary gives the distribution of (ρ̈k )k∈K .
Corollary 1. The vector (ρ̈k )k∈K has a multivariate Gaussian distribution whose
expectation satisfies for every k ∈ K:
E [ρ̈k ] =

1 X
M(x, k)mx,k∗ ,
|X |

(7)

x∈X

and whose covariance satisfies for every (k1 , k2 ) ∈ K2 :
Cov [ρ̈k1 , ρ̈k2 ] =

1 X
2
M(x, k1 )M(x, k2 )σx,k
∗ .
N |X |

(8)

x∈X

Proof. Corollary 1 straightforwardly holds from Proposition 1 by setting Mk to
0 and σ
bk to 1.

An interesting property of the uniform setting is stressed in the following
proposition.

Proposition 2. Let (dk )k∈K and (d0k )k∈K be the distributions of the vector (ρ̈k )k∈K
for two secret keys k1∗ ∈ K and k2∗ ∈ K respectively. In the uniform setting, the
distributions (dk⊕k1∗ )k∈K and (d0k⊕k∗ )k∈K are indentical.
2

Proof. In the uniform setting, we have M(x,
k) = M(ψ(x ⊕ k)) and mx,k∗ =

mψ(x⊕k∗ ) . Hence, from (7) we get E dk⊕k1∗ = E[d0k⊕k∗ ] for every k ∈ K and from
2


(8) we get Cov dk1 ⊕k1∗ , dk2 ⊕k1∗ = Cov[d0k1 ⊕k∗ , d0k2 ⊕k∗ ] for every (k1 , k2 ) ∈ K2 .
2
2
Finally, since (dk )k∈K and (d0k )k∈K are both Gaussian then they are identical. 
Proposition 2 shows that the vector (ρ̈k⊕k∗ )k∈K has the same distribution
for every k ∗ . Moreover, the event k ∗ ∈ argmax-ok∈K ρ̈k can be rewritten as
0 ∈ argmax-ok∈K ρ̈k⊕k∗ . Since the distribution of (ρ̈k⊕k∗ )k∈K is independent of
k ∗ , we get that, in the uniform setting, the success rate is constant with respect
to k ∗ . Therefore, one only needs to analyze the distribution of (ρ̈k⊕k∗ )k∈K for a
given secret key (e.g. for k ∗ = 0) to get the distribution and the success rate of
(ρ̈k )k∈K for any secret key k ∗ .

5
5.1

Profiling Side Channel Analysis
Description

Profiling Side Channel Analysis assumes an adversary that owns a profile of the
side channel leakage (also called template in the literature from the initial work
of Chari et al. [6]). More precisely, the adversary owns an estimation of the pdf
l 7→ P [L = l|S = s] for every s ∈ S. In practice, this estimation is obtained
through a profiling phase on a physical implementation identical to the targeted
one (except the secret key) and that is under the attacker control (see for instance
[2, 6, 14, 19]).
The attack consists in estimating the likelihood of a key guess k, i.e. the
probability that K is equal to k, given the leakage measurements vector l and
the inputs vector x. Assuming that K is uniformly distributed (which is very
usual in cryptography), it can be checked that this probability satisfies:
P [K = k|(l, x)] = α

N
Y

P [L = li |S = ϕ(xi , k)] ,

(9)

i=1

where α denotes a value constant with respect to k.
In the Gaussian model, the leakage pdf l 7→ P [L = l|S = s] is the Gaussian
pdf φΣs ,ms . Estimating such a pdf amounts to estimate the parameters (ms , Σs )
for every s ∈ S. In the sequel, we shall denote these estimations by m
b s and
bs . For clarity and without ambiguity, the parameters m
bϕ(x,k) are
Σ
b ϕ(x,k) and Σ
bx,k .
further denoted by m
b x,k and by Σ
For computational reasons, one usually processes the logarithm of the estimated likelihood and averages it on the number of leakage measurements. Moreover, since α is constant with respect to k, it is usually ignored. On the whole,

one computes the log-likelihood Lk =
model, Lk satisfies:
Lk =

1
N

log(P [K = k|(l, x)] /α). In the Gaussian

N


1 X
bx ,k | − (li − m
b −1 (li − m
log (2π)T |Σ
b xi ,k )0 Σ
b xi ,k ) .
i
xi ,k
2N i=1

(10)

In the next section, we investigate the distribution of the log-lekelihood distinguisher under the Gaussian model assumption.
5.2

Distinguisher Distribution

Let us first introduce few notations. The element of the ith row and of the
j th column of a matrix A is denoted by A[i, j] while the ith element of a vector
V is denoted by V [i]. A0 denotes the transpose of a matrix (or a vector) A. The
notation k·k is used to denote the Euclidian norm while the notation
qP k·khs refers
2
to the Hilbert-Schmidt matrix norm defined by kAkhs =
i,j A[i, j] . We
shall further denote by A2 the product A0 A and by A−1/2 any matrix satisfying
(A−1/2 )0 A−1/2 = A (e.g. the Cholesky decomposition matrix). Finally the trace
of A is denoted by Tr(A).
The next proposition provides a precise approximation of the distribution of
the likelihood vector (Lk )k∈K (the proof is given in Appendix B).
Proposition 3. The distribution of the vector (Lk )k∈K tends toward a multivariate Gaussian distribution as N grows. Moreover, for every k ∈ K, the
expectation of Lk satisfies:
2

1X 
bx,k | − Σ
b −1/2 (mx,k∗ − m
E [Lk ] =
τx log 2π|Σ
b x,k )
x,k
2
x∈X

 
b −1/2 0
b −1/2 Σx,k∗ Σ
, (11)
− Tr Σ
x,k
x,k
and for every (k1 , k2 ) ∈ K2 , the covariance between Lk1 and Lk2 satisfies:
Cov [Lk1 , Lk2 ] =

1 X  1 b −1/2
b −1/2 )0
τx
Σx,k1 Σx,k∗ (Σ
x,k2
N
2
x∈X

2
hs

b −1 Σx,k∗ Σ
b −1 (mx,k∗ − m
+ (mx,k∗ − m
b x,k1 )0 Σ
b x,k2 )
x,k1
x,k2



. (12)

Proposition 3 gives an approximation of the distribution of the log-likelihood
vector (Lk )k∈K which becomes quickly tight as N grows (see Appendix C). As
shown in Section 6, this approximation can be used to estimate the success rate
of profiling SCA. The computational cost of (11) and (12) is O(|X |T 3 ) where
T denotes the leakage dimension. The total cost of computing the distribution
parameters is hence O(|K|2 |X |T 3 ). This may be prohibitive if the leakage dimension is high. However, the leakage dimension can be reduced by pre-processing
the leakage measurements [2, 20]. In practice, T = 3 is often sufficient to catch
most of the side channel information [2, 20].
In order to simplify our analysis, let us make the following assumption.

Assumption 1 (Constant Covariance Assumption) The covariance matrix
Σs is the same for all signals s ∈ S.
Remark 3. This assumption is quite usual in the literature (see for instance
[19, 11, 21]). The noise in the leakage is indeed often independent of the target
signal. This is especially true if most of the noise amount is produced by a noise
generator (independent of the target algorithm) as a countermeasure to side
channel analysis.
Observing the expectation of Lk (11), one identifies three sums. The first
one and the third one only involve the leakage covariance matrices and/or their
estimations. Therefore, under the constant covariance assumption, these sums
are constant with respect to k and hence, they provide no discrimination between
the different key candidates. Actually, only the second sum in (11) provides some
discrimination which depends on the leakage means mx,k (corresponding to the
different processed signals s = ϕ(x, k)). If these means are clearly dissociated
and if their estimations m
b x,k are precise, then the second sum is around zero
for and only for the good key guess k ∗ . As a result, the expectation of Lk is
maximized for the good key guess k = k ∗ which illustrates the attack soundness.
From (11) and (12) we also see that, unlike for differential SCA, increasing
the number of leakage measurements and increasing the leakage variance do not
have a complementary effect on the distinguisher distribution. However, it has
a complementary effect on the success rate: if the leakage covariance matrix is
multiplied by a factor λ (and assuming that its estimation is also multiplied by
λ) then the attacker must multiply the number of measurements by a factor λ
in order to keep the success rate constant. This fact is formally demonstrated in
Appendix D. We hence remark (according to the analysis in Section 4.2) that
Differential SCA and Profiling SCA are affected in the same way by the leakage
noise increase. Besides, when the leakage noise is amplified, the ratio between
the efficiencies1 of both attacks remains constant.
As final remark, let us mention that Proposition 2 also applies to the loglikelihood vector (Lk )k∈K . Besides, in the uniform setting (see Section 4.2), the
success rate of the profiling SCA is also constant with respect to k ∗ .

6

Success Rate Evaluation

In accordance with the analyses of Sections 4.2 and 5.2, we assume that the
distribution of the distinguishing vector d = (dk )k∈K is a multivariate Gaussian
N (md , Σd ). In this section we present two approaches to compute the success
rate of a side channel key recovery attack, once the parameter of this distribution
have been determined.
In the first approach, we show that the success rate can be expressed as a sum
of Gaussian cumulative distribution functions (cdf). It can hence be estimated by
1

By efficiency, we mean the required number of leakage measurements to succeed the
attack (with high probability).

numerically computing these cdf. The second approach consists in simulating the
multivariate Gaussian vector d several times in order to get a precise estimation
of the success rate.
6.1

Numerical Computation

We show hereafter that the success rate can be expressed as a sum of Gaussian
cdf. For this purpose, we need to introduce the comparison vector that is the
(|K| − 1)-size vector c = (ck )k∈K/{k∗ } defined for every k ∈ K/{k ∗ } by:
ck = dk∗ − dk .

(13)

If all the coordinates of this vector are positive then the attack succeeds in
isolating the good key guess as first candidate. If n coordinates are negative
then the attack rates the good key guess as the (n + 1)th candidate; in other
words, it succeeds at the (n + 1)th order. The comparison vector is a linear
transformation of the distinguishing vector by a ((|K|−1)×|K|)-matrix P whose
expression straightforwardly follows from (13). This implies that the comparison
vector has a multivariate Gaussian distribution N (mc , Σc ) where mc = P md
and Σc = P Σd P 0 .
Let α ⊆ {1, · · · , |K|−1} be a set of indices and let Iα and Sα be the (|K|−1)size vectors defined by:


−∞ if i ∈ α
0
if i ∈ α
Iα [i] =
and Sα [i] =
.
0
if i ∈
/α
+∞ if i ∈
/α
The vector c has exactly n negative coordinates if and only if there exists a set
α of cardinal n s.t. Iα < c < Sα . Since the intervals ([Iα , Sα ])α are disjoints, the
probability that exactly n coordinates of c be negative can be written as:
X
pn =
P [Iα ≤ c ≤ Sα ] .
(14)
α;|α|=n

The oth order success rate equals the sum p0 + p1 + · · · + po−1 which from (14)
gives:
X
X
Succ-o =
P [Iα ≤ c ≤ Sα ] =
Φmc ,Σc (Iα , Sα ) ,
(15)
α;|α|<o

α;|α|<o

Rb
where Φm,Σ denotes the Gaussian cdf that satisfies Φm,Σ : (a, b) 7→ a φm,Σ (x) dx.
Relation (15) shows that the oth order success rate can be computed by

P
performing i<o |K|−1
multivariate Gaussian cdf calculations (on (|K| − 1)i
size Gaussian vectors). The numerical computation of multivariate Gaussian cdf
is a classical issue in statistics. Some solutions exist (see for instance [9, 10]) that
can be used to precisely compute the success rate according to (15).
This approach has some drawbacks. Firstly, the numerical computations of
Gaussian cdf may be difficult with covariance matrices having particular forms
and/or quite high dimensions. For instance it requires that the covariance matrix

is not singular, which is not always the case in our context. Yet another drawback
of this approach is that the computation of high order success rates requires
an important number of Gaussian cdf computations. Regarding these issues, a
possible alternative is presented in the next section.
6.2

Gaussian simulation

Another possibility to compute the success rate is to perform a Gaussian simulation. The principle is to simulate several times the distribution N (md , Σd ).
This amounts to randomly pick up several distinguishing vectors each one corresponding to the result of an attack. The success rate is estimated based on these
different results. In other words this approach works as an attack simulation
but instead of performing the attack several times, we perform several Gaussian
random vectors simulation which is clearly more efficient especially when the
number of leakage measurements is high and/or the leakage dimension is high.
Another advantage of this approach is that the success rate at the different orders as well as the guessing entropy (see Appendix A) can all be computed using
the same simulated distinguishing vectors. Finally Gaussian simulation is sound
even when the covariance matrix is singular which may happen in our context.
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Empirical Validation

In order to empirically validate the theoretical analyses conducted in the previous
sections we performed several simulations. We chose S = X ⊕ K as target signal
where X and K are 8 bits variables. The leakage means (ms )s∈S and the leakage
covariance matrix Σ (assumed constant for the different signals s ∈ S) were
drawn with random coefficients. Their dimensions were set to 1 for differential
SCA, and to 3 for profiling SCA (this is a typical dimension when subspace-based
profiling is involved [2, 20]). The attacker model/estimations were first assumed
b = Σ) and then assumed to be
to be exact (i.e. M(s) = ms , m
b s = ms and Σ
slightly erroneous (by inserting random errors).
On the one hand, the success rate was estimated empirically by simulating
the attack. Namely, the leakage measurements li corresponding to random inputs
xi were randomly picked up according to the leakage parameters (mxi ,k∗ , Σxi ,k∗ ).
The attack was performed several times (few thousands) on such simulated measurements in order to obtain an empirical success rate. On the other hand, the
success rate was estimated using our approach. We computed the distinguishing
vector expectation and covariance matrix (such as described in Sections 4.2 and
5.2) according to the leakage parameters and assuming τx = 1/256 for every x.
Then we performed Gaussian simulations (see Section 6.2) to get an estimation
of the success rate.
As expected, for differential SCA, the different success rates obtained with
our approach always match almost perfectly the success rates obtained by attack
simulations. For profiling SCA, the success rates obtained with our approach also
match quite well the success rates obtained by attack simulations. The precision

Fig. 1. Success rates of different profiling SCA attacks over an increasing
number of leakage measurements.

Fig. 2. Success rates of a profiling SCA
attack over an increasing number of
leakage measurements.

of this matching depends on the number of leakage measurements required for
the attack to succeed (with a high probability). When this number is quite low
(i.e. around few hundreds), our estimation slightly overvalues the real success
rate. This overvaluation becomes less marked as the number of required leakage
measurements increases. As an illustration the success rate of four attacks requiring different amounts of leakage measurements is plotted Figure 1. Success rates
obtained by attack simulation are plotted in black while the corresponding ones
obtained with our approach are plotted in grey. The convergence can be clearly
observed. Figure 2 shows both success rates for an attack requiring around 200
leakage measurements. When moving up to 500 required leakage measurements,
the curves completely mix up.
The different empirical results that we obtained have demonstrated the soundness of our theoretical analysis. They also show that the approximation τx ≈
1/|X | is sound when the xi ’s are randomly drawn (i.e. in a known plaintext/ciphertext attack setting).
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Conclusion and Open Issues

In this paper, we have investigated the issue of evaluating the success rate of
side channel analysis in the Gaussian leakage model. For the two main families of
SCA, namely differential SCA and profiling SCA, we have shown that the distinguishing vector resulting from the attack has (or at least quickly tends towards)
a multivariate Gaussian distribution. This allowed us to exhibit an efficient way
to compute the success rate of such an attack according to the number of leakage
measurements and to the leakage distribution parameters. Finally, our analysis
was validated empirically by a large number of attack simulations.
Our analysis stresses several interesting open issues. Future works could focus
on chosen plaintext attacks and investigate how the choice of the target inputs
may affect the success rate of an attack. Another interesting issue is the tolerance
for a distinguisher to the error on the leakage model. How does an error on

the attacker model/estimations affect the success rate of the attack ? Finally,
extension of our analysis to protected implementations (for instance by masking
techniques) would be of great interest to quantify their security.
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A

Guessing Entropy

The guessing entropy [17, 5] is defined as the expected number of key guesses
to test before recovering a target key value. As pointed out in [21], the guessing
entropy is relevant in the context of side channel analysis since it indicates the
average workload to perform after side channel analysis. Let rankk (d) denote the
index i ∈ {1, · · · , |K|} such that dk is the ith higher element of d. The guessing
entropy of a side channel attack using a distinguisher D and a public vector x,
and targeting a secret key k ∗ is formally defined as:



∗
(16)
GED
x,k∗ = E li ← L (ϕ(k , xi )) i ; d ← D(x, l) : rankk∗ (d) .
The guessing entropy is related to the success rate of every order. In fact,
the correct key guess is rated at the oth rank in the distinguishing vector if and
only it is rated among the o first candidates but it is not rated among the o − 1
first candidates. As a result, the probability that the correct key guess be rated
at the oth rank satisfies for every o: P [rankk∗ (d) = o] = Succ-o − Succ-(o − 1),
where Succ-0 is naturally defined at zero. This brings to the following relation:
GE =

|K|
X
o=1

|K|−1

o P [rankk∗ (d) = o] = |K| −

X
o=1

Succ-o .

(17)

B

Proof of Proposition 3

The proof of Proposition 3 makes use of the following lemma.
Lemma 1. Let X be a T -size random vector having a Gaussian distribution
N (0, Σ). Let A1 and A2 be two (T × T )-matrices and let m1 and m2 be two
T -size vectors. Let Q1 and Q2 be two quadratic forms defined, for j = 1, 2, by
Qj = (X + mj )0 A2j (X + mj ). For j = 1, 2, the expectation of Qj satisfies:
2

E [Qj ] = kAj mj k + Tr(Aj Σ A0j ) .

(18)

And the covariance of Q1 and Q2 satisfies:
2

Cov [Q1 , Q2 ] = 2 kA1 Σ A02 khs + 4 m01 A21 Σ A22 m2 .
Proof. We have Qj =
E [Qj ] =

T
X

PT

i=1

(19)

2

(Aj (X + mj ))[i] which leads to:

h
i
2
E (Aj (X + mj ))[i]

(20)

i=1

=

T
X
i=1

2

E [(Aj (X + mj ))[i]] +

T
X

Var [(Aj (X + mj ))[i]] ,

(21)

i=1

 
2
since E Y 2 = Var [Y ] + E [Y ] holds for every random variable Y . From (X +
mj ) ∼ N (mj , Σ) we have Aj (X + mj ) ∼ N Aj mj , Aj Σ A0j which directly
yields (18).
The quadratic form Qj can be rewritten as Qj = (Aj X)2 + (Aj mj )2 +
2m0j A2j X for j = 1, 2. By bilinearity, Cov [Q1 , Q2 ] satisfies:


Cov [Q1 , Q2 ] = Cov (A1 X)2 , (A2 X)2




+ 2 Cov (A1 X)2 , m02 A2 X + 2 Cov (A2 X)2 , m01 A1 X
+ 4 Cov [m01 A X, m02 A X] . (22)
We claim the three following relations:


2
Cov (A1 X)2 , (A2 X)2 = 2 kA1 Σ A02 khs ,




Cov (A1 X)2 , m02 A22 X = Cov (A2 X)2 , m01 A21 X = 0 ,


Cov m01 A21 X, m02 A22 X = m01 A21 Σ A22 m2 .

(23)
(24)
(25)

These relations together with (22) result in (19) and state the correctness of
Lemma 1. Relation (25) straightforwardly holds from the bilinearity of the covariance and by symmetry of A21 (i.e. (A21 )0 = A21 ). Relations (23) and (24) are
stated hereafter.

First, let us show (23). The covariance between (A1 X)2 and (A2 X)2 can be
rewritten as:
h
i

 X
2
2
Cov (A1 X)2 , (A2 X)2 =
Cov (A1 X)[i] , (A2 X)[j]
i,j

i
h
i h
i
X h
2
2
2
2
=
E (A1 X)[i] (A2 X)[j] − E (A1 X)[i] E (A2 X)[j]
. (26)
i,j

Since the expectations of A1 X and A2 X equal zero, the expectation of the
2
2
product (A1 X)[i] (A2 X)[j] is the Gaussian forth order moment that is known
to satisfy:
h
i
h
i h
i
2
2
2
2
E (A1 X)[i] (A2 X)[j] = E (A1 X)[i] E (A2 X)[j]
2

+ 2 Cov [(A1 X)[i], (A2 X)[j]] . (27)
Hence, (26) gives:
X


2
Cov (A1 X)2 , (A2 X)2 = 2
Cov [(A1 X)[i], (A2 X)[j]] .

(28)

i,j

Since we have Cov [(A1 X)[i], (A2 X)[j]] = (A1 Σ A02 )[i, j], one deduces that (28)
finally results in (23).
We now show the correctness of (24). We have:
h
i

 X
2
Cov (A1 X)2 , m02 A22 X =
Cov (A1 X)[i] , m02 A22 X .

(29)

i

Since X has a zero mean, every term of the previous sum is a Gaussian third
order moment and is hence equal to zero. This way, we get (24).

We give hereafter the proof of Proposition 3.
Proof. (Proposition 3) Since the li ’s are independently drawn from Gaussian
distributions N (mxi ,k∗ , Σxi ,k∗ ) and since, for every x, there is a ratio τx of the
xi ’s that equal x, Relation (10) and Lemma 1 directly lead to (11) and (12).
Now, (Lk )k∈K can be expressed as a linear transformation of the vector
PN
PN
. The first one has a multii=1 li and of the vector
i=1 li [j1 ]li [j2 ]
1≤j1 ,j2 ≤T

variate Gaussian distribution and, from the multivariate central limit theorem,
the second one tends toward a multivariate Gaussian distribution as N grows.
Hence (Lk )k∈K tends toward a multivariate Gaussian distribution as N grows.


C

Convergence of the Log-Likelihood Distribution

According to (10), the log-likelihood Lk can be expressed as the sum of |X |
values Lk,x that are defined by:
Lk,x =

N
X

τx
bx,k | − 1
b −1 (li − m
log (2π)T |Σ
(li − m
b x,k )0 Σ
b x,k ) .
x,k
2
2N i=1

(30)

xi =x

The first term is constant and the second term is a sum of N τx elements of
b −1 and X is a Gaussian random
the form X 0 A2 X where A is the matrix Σ
x,k
variable N (mx,k∗ − m
b x,k , Σx,k∗ ). The distribution of such a sum is given in the
following lemma. At first, let us recall that the chi-square distribution with n
degrees of freedom χ2 (n) is the distribution obtained by summing n independent
N (0, 1)-distributed random variables.
Lemma 2. Let (Xj )j be n independent T -size random vectors having a Gaussian distribution N (m, Σ), let A be a (T × T )-matrix and let (Qj )j be the
quadratic forms defined as Qj = Xj0 A2 Xj . The sum of the Qj satisfies:
n
X
j=1

Qj = β + G +

T
X

αi Ci ,

(31)

i=1

where β = n(A · m)2 , αi = (A Σ A0 )[i, i], G is an univariate Gaussian random
variable, Ci are T chi-square random variables with n degrees of freedom.
Proof. For j = 1, 2, we have Qj = (A Xj )2 . Denoting by X j the centered
random variable Xj − m, we get Qj = (A m)2 + 2 m0 A2 X j + (A X j )2 and hence,
P
P P
P 0 2
2
j Qj = β + 2
j
i (A X j )[i] .
j m A Xj +
P
P
2
After denoting 2 j m0 A2 X j by G and α1i j (A X j )[i] by Ci , we get (31).
Now, G is Gaussian since it is defined as a sum of Gaussian random variables.
Moreover, the
equal to A Σ A0 , we have, for every
 covariance
 matrix of A Xj being
1
j: αi = Var (A X j )[i] . This implies that √αi (A X j )[i] is N (0, 1)-distributed for
every j, hence by definition Ci is χ2 (n)-distributed.

A chi-square distribution with n degrees of freedom quickly tends towards
a Gaussian distribution as n grows. A rule of thumb in probability theory is
to consider the approximation χ2 (n) ≈ N (n, 2n) quite reasonable for n ≥ 30.
From Lemma 2, Lk,x is a sum between a constant, a Gaussian random variable
and T chi-square random variables with N τx degrees of freedom. Therefore, for
N τx large enough, we can consider that Lk,x has a Gaussian distribution. If this
holds for every x ∈ X then the distribution of Lk can fairly be approximated by
a Gaussian.

D

Profiling SCA – Number of Leakage Measurements vs.
Leakage Variance

b
Let us denotes the leakage covariance matrix by Σ and its estimation by Σ.
Under the constant covariance assumption, (11) and (12) can be rewritten as:
E [Lk ] = C1 −

1X
b −1/2 (mx,k∗ − m
τx Σ
b x,k )
2

2

,

(32)

x∈X

and
Cov [Lk1 , Lk2 ] = C2 +

1 X
b −1 Σ Σ
b −1 (mx,k∗ − m
τx (mx,k∗ − m
b x,k1 )0 Σ
b x,k2 ) ,
N
x∈X

(33)
where C1 and C2 are some values constant with respect to k that satisfy C1 =

2


b −1/2 Σ (Σ
b −1/2 )0
b + Tr Σ
b −1/2 Σ Σ
b −1/2 0 and C2 = 1 Σ
.
log 2π|Σ|
2N

hs

We show in Section 6.1 that the success rate depends of the distribution of
the comparison vector c = (ck )k∈K/{k∗ } that is defined, for Profiling SCA, by
ck = Lk∗ − Lk for every k ∈ K. Assuming (Lk )k∈K Gaussian, c has a Gaussian
distribution whose parameters satisfies:
E [ck ] = E [Lk∗ ] − E [Lk ] ,

(34)

and
Cov [ck1 , ck2 ] = Var [Lk∗ ]+Cov [Lk1 , Lk2 ]−Cov [Lk∗ , Lk1 ]−Cov [Lk∗ , Lk2 ] . (35)
From these expressions, we can see that the constant terms C1 and C2 of (32)
and (33) cancel each other out in the expectation and the covariance matrix of c.
It thus appears that multiplying the leakage covariance matrix by a factor λ (and
assuming that its estimation is also multiplied by λ) results in the multiplication
of mc and Σc by 1/λ while multiplying the number of leakage measurements by
λ results in the multiplication of Σc by 1/λ.
One can verify that the Gaussian cdf satisfies for every (a, b):
Φm/λ,Σ/λ2 (a, b) = Φm,Σ (λa, λb) .

(36)

As shown in Section 6.1, the success rate can be expressed as a sum of cdf Φmc ,Σc
with inputs in {0, +∞, −∞}|K|−1 . One thus deduces from (36) that multiplying
mc by 1/λ and Σc by 1/λ2 keeps the success rate unchanged. Hence we obtain
that multiplying the leakage covariance matrix and multiplying the number of
leakage measurements have complementary effects on the success rate of Profiling
SCA.

